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Effects due to the gravitational field 
in nonisothermal bounded horizontal 
flows have been investigated theoreti- 
cally only quite recently. Morton ( 2 )  
studied fully-developed flow in tubes, 
and calculations for the problem in- 
volving infinite parallel plates are 
available ( 1  ) . However Morton's re- 
sults for tubes indicate that natural 
convection effects vanish as N E B  goes 
to zero in a nonisothermal system. This 
seems unlikely, and the purpose of the 
present analysis is to provide a more 
complete solution which does not de- 
pend on the assumption of a constant 
axial pressure gradient. 

A perturbation analysis, which lin- 
earizes the momentum equations, 
shows that additional terms important 
for slow flows arise owing to the axial 
density variation. It is interesting to 
note in advance that minor effects in- 
volving the Froude number are also 
obtained. If the usual assumption that 
the density is constant except in the 
body force term is made, the results 
are the same but the Froude number 
dependence vanishes. Hence the 
Froude number effect arises from the 

inertial density variation. The results 
of the analysis given here are applic- 
able to fully-developed flows in the 
sense that the radial and angular vel- 
ocities are functions of r and 6 only, 
and the axial velocity changes uni- 
formly but very gradually in the di- 
rection of flow. For simplicity the vis- 
cosity, thermal conductivity, and heat 
capacity are assumed constant. 

The momentum equations in dimen- 
sionless cylindrical coordinates, where 
8 is measured from the center plane of 
the tube parallel to the earth's surface, 
are 

aA A 36' 

""I=-,, ap +" N,, 0"4,+ 
A 

a g c o s 8  p 

A' ae h2 U.' Po 
( 3 )  

and the continuity equation is 

a ( $ 4 3 )  = 0 (4)  
as 

Also the energy equation is 
at 43 at  

and the temperature distribution is 
specified linear in the axial coordinate 

t - t o  = A u ~  + F ( b ,  6') (6) 
Since the density is assumed to be 
temperature dependent only, the equa- 
tion of state is 
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( 7 )  -= 1-/3( t - t , )  
P o  

It  is convenient to eliminate the 
pressure gradients from Equation (1) 
to (3)  by differentiating Equation ( 1) 
by and e and equating results with 
the derivatives of Equations (2) and 
(3) with respect to c. This yields 

(10) 
Pressure gradients have been elimi- 

nated in Equations (8) to ( l o ) ,  but 
to establish a clear physical basis for 
the results obtained later the form of 
dp /&,  with = (8,  A )  assumed 
for simplicity, will be deduced di- 
rectly. When one integrates Equations 
(2)  and (3) with respect to and 8 
respectively and then differentiates 
with respect to c, the expressions ob- 
tained are equivalent if 

- _  -h(E)  -NNXsinB 
a€ 

When one substitutes this expression 
into Equation (1) and notes that +1, 

42, and $3 are not functions of E ,  it fol- 
lows that h ( ~ )  = constant. 

Clearly Equations (8) to (10) are 
extremely complicated, but the prob- 
lem may be made tractable if a per- 
turbation analysis is employed. The 
expansion parameter is defined by 

The perturbation expansions about the 
fully-developed isothermal flow are 
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F 
- = Q , = 2 Q n N r k  (15) 
a A  n=o 

where the stream function is 

The boundary conditions are 
$1 (1,8) = Q, (1 ,0)  = 0; 

d $ ( L 8 )  a$( l ,%) 
0; 

$1 (0 ,  '8) = Q, (0 ,  '6) finite 

-- --= 
ax a88 

where f (A, 8) is a function of integra- 
tion to be determined later. Conse- 
quently Equation ( 18) becomes 

J;s: [$I0 + fN + . . .I xdACh9 = 

Substituting Equations (12) to (15) 
into Equations (8) to ( lo ) ,  after 
equating the coefficients of equal 
powers of N, one obtains a set of 
simultaneous equations. Considering 
only those for n = 0,l one gets 

-) dl0 - N~~ +1:] = sin 8 

) $10 - N F ,  +I?] = COS % 
i a  

--- -- 0 4 q 1  = cos8 ($) (21) 
x as ax and 

Vz a0 - Np, $lo = 0 (22) 
An equation involving $. doesn't ap- 
pear, since it is identically zero be- 
cause + = 0 when N = 0. The solu- 

~ ~ (18) tions for $1 and were given by 
Morton, and #lo is the Hagen-Poiseuille 
distribution. In the present notation 

and from continuity 

P o  sOAns: p u  
Po u, 

Some comment about the density 
distribution and its consequences $ io=2  ( 1 - A " )  
seems worthwhile. Combining Equa- Np. 

Qo = - ( 4Aa - X4 - 3)  
8 

tions ( 6 ) ,  (7) ,  (14) ,  and (15) one 
obtains 

NP, 
P o  NR, 

Np,  
2,304 -= P l - ( e + Q o ) - N -  $1 = - (1 - A")"( 10 - X a )  x cos 0 

With these results and the expression 
for +,,, Equation (20) becomes ( 5) 2 ~ + 1  

or N, ,  n z i  

pi N F ~  X (  1 - A,)* 
( €  + %) ax _ -  

P o  NRB 
and it is seen that the Froude number 
enters the problem as a first-order 4 NRe 

(10 - A )  sin 0 + __ NPe . - NFr (28 - 

80 A' + 36 A4) - 4Nrr  perturbation. When one collects the 
coefficients of N and retains only first- 
order terms, the continuity equation 
reduces to the system 

(1 - A J ) ~ ]  = sin e 
a L-f!-[Q2f-- NPeNRe A( 1 - A') 

A 80 576 -410 = 0 a€ 
a a (10-A) sinB+-*- Npe N F 7  (28- 

4 Nne 
a+8l 
a0 

80 X2 + 36 A4) - ~ N F ,  
(A $21) + - = 0 

If +l = +1 (A, e ) ,  then it is necessary (1 - 4 = cos8 

Let (23) 
f = fi + f:! 

that 
a -[ de p o  + $11] = 0 where 

(24) 

a Nfl? 
ax Nap 
- V' f i  + 4 - . N p e  [9 X3 - 10 A] - 16 Npr (A8 - X) = sin 8 

l a  
V2 fi = cos e -- 

x ae 
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and 

(10-A') sinB=O (25) 

The solution for an equation similar to 
Equation ( 2 5 )  was given by Morton 
and yields 

NpeNR, 
f --- A (1-A') 

46,080 
2 -  

(49 - 51 A2 + 19A4 - A") sin 0 (26) 

Equations (24) may be solved by 
letting 

fl = P ( A )  + Q(A) sin0 

where P ( x )  and Q ( A )  satisfy 

a NP, - 0' P = - 4 N p ,  - 
dA NRe 

(9A" - 1OA) + 16 N p ,  (Ag- A )  

-[ 1 V p F  Q ]= 1 
x 

and the result is 

1 
f l =  --A ( 1 - A ' )  sin0 + 

8 

N F ,  NP, 
18 24 
- ( W e -  9A4 + 9Aa,-2) + -. 

N,, - (SAG- 30A4 + 31A"- 7 )  
NR (27) 

Combining the preceding results one 
gets 

'I (49 - 51A" 4- 19A' - A") 

NF, 
18 

A(l-Aa) s i n 8 + N [  - (a0-- 

This result is that which one would 
expect, since the buoyancy effect does 
not vanish as NRe + 0 where free con- 
vection prevails. At higher values of 
NR,, the second term within the 
bracket is dominant, whereas for small 
NRe the first becomes more important. 
I t  is interesting, that to the first order, 
the variation in the axial pressure 
gradient due to the axial temperature 
gradient superimposes an additional 
effect which is independent of the be- 
havior of the r and 8 velocity compo- 
nents. For creeping flows one can 
neglect the inertial terms in the mo- 
mentum equations, and if it is further 
assumed that the density is constant 
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except in the body force terms, then 
the exact solution is 

N 
& =  2 ( 1 - A ' )  --A ( 1 - A ' )  sine 

8 
(29) 

Equation (29) is identical to the first 
two terms of the perturbation solution 
given by Equation (28). " 

The first-order terms affect the vel- 
ocity and temperature profiles but not 
the overall flow or heat transfer prop- 
erties such as f or NNu so long as lami- 
nar flow is stable. However second- 
order terms do alter overall heat and 
momentum transfer. 

One may obtain & as 

@I 9101 + g (1,0) (30) 
When one neglects the small Froude 
number effect, Equations (8) to (10) 
and (30) yield 

o ' g = N R e  [+(%.-- a 

a0 

ah  

---- "' a )#lo]+ C (31) 
a 
ax ax a0 

Equation (31) differs from Morton's 
Equation (19) in that is affected by 
axial pressure gradient variations, and 
the constant of integration C cannot 
be zero if continuity is satisfied. 

The corrected solution to Equation 
(31) has been obtained in a straight- 
forward manner but is lengthy. How- 
ever its manifestations can be briefly 
summarized in terms of the overall re- 
sistance to flow reflected by the fric- 
tion factor f .  If f is defined in terms 
of the overall force on the pipe wall, 
with g(A, 8 ) ,  one obtains 

N 
0.21 NRB2NpeZ) (=)':I (32) 

where the new interaction term 34.8 
N,, N p .  arises and is the same order of 
magnitude as 0.21 NR," N,," if roughly 
N , ,  N,. < 2,500. On the other hand 
the interaction is at least an order of 
magnitude larger if N B e  N, ,  < 25 
which may well occur with liquid 
metals. 

To O ( N 2 )  there is a significant in- 
teraction between circulation and 
pressure gradient effects which in- 
fluences overall and local flow and 
heat transfer properties. This interac- 
tion apparently extends the influence 
of each effect to lower and higher 
values of N,,  N p e  respectively for a 
given N .  Furthermore deviations from 
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Poiseuille flow are not simply related 
to the single parameter N,, N R c  except 
for small ( t ,  - t,) and sufficiently 
large N B e  N p e .  In the numerical ex- 
ample given by Morton for N R ,  NRe = 
1,500 the estimate of deviations from 
the forced flow solution given for 
water, air, and mercury are too low, 
and the error increases as N p r  de- 
creases. For mercury under these con- 
ditions N - 150 which seems much 
too large even for the solutions given 
here to be valid. 

This analysis indicates that terms 
beyond the second order are necessary 
particularly for the intermediate range 
of N, .  N P e ,  where the magnitude of N 
must be small. Although such a calcu- 
lation is straightforward, it would be 
very tedious unless an alternate method 
of solution is devised which employs a 
computer. 
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N 01 AT I ON 
tube radius 
axial temperature gradient 
gravitational component per- 
pendicular to earth's surface 
Rayleigh number 
Reynolds number based on 
radius 
Peclet number based on radius 

Grashoff number, ( A;;!g) - 

<$> Froude number, 

expansion parameter l o r  per- 

turbation solution, 

local fluid temperature 
average temperature at en- 
trance to heat transfer section 
wall temperature 
bulk fluid temperature 

dimensionless velocity vector 
referred to U ,  
axial, radial and angular CO- 
ordinates 
x, T,  and 0 velocity compo- 
nents 
average axial velocity at en- 
trance to heat transfer section 
coefficient of expansion 

a a  

(2) 

X T  - -  
9 

u v w  
#l,+P,#I = -, -, -, dimensionless 

velocity components 
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